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APPROACHING BILINEAR MULTIPLIERS VIA A FUNCTIONAL
CALCULUS
BŁAŻEJ WRÓBEL
Abstract. We propose a framework for bilinear multiplier operators defined via the (bi-
variate) spectral theorem. Under this framework we prove Coifman-Meyer type multiplier
theorems and fractional Leibniz rules. Our theory applies to bilinear multipliers associated
with the discrete Laplacian on Zd, general bi-radial bilinear Dunkl multipliers, and to bilinear
multipliers associated with the Jacobi expansions.
1. Introduction
The theory of spectral multipliers is now a well established and vast branch of linear harmonic
analysis. Its origins lie in trying to extend the Fourier multiplier operators on R given by
f 7→ 1
2π
∫
R
m(ξ)fˆ(ξ)eixξ dξ, x ∈ R,
to other settings. Here m is a bounded function on R while fˆ(ξ) =
∫
R
f(x)e−ixξ dx, ξ ∈ R.
For a self-adjoint operator L its spectral multipliers are the operators m(L) defined by the
spectral theorem. In the Fourier case L is merely i ddx . As in the Fourier case the boundedness
of m(L) on L2 is equivalent with the boundedness of m. The main task in the theory of spectral
multipliers is to extend the boundedness of m(L) to Lp, for some 1 < p <∞, p 6= 2.
The bilinear multipliers for the Fourier transform are the operators
(1.1) Fm(f1, f2)(x) =
1
4π2
∫∫
R2
m(ξ1, ξ2)fˆ1(ξ1)fˆ2(ξ2)e
ix(ξ1+ξ2) dξ, x ∈ R,
with m : R2 → C being a bounded function. As far as we know, in the bilinear case, there
has been no systematic approach to extend the operators Fm outside of the Fourier transform
setting. The main idea behind the creation of this paper is to provide a theory for bilinear mul-
tipliers defined by the (bivariate) spectral theorem that parallels the correspondence between
the linear Fourier multipliers and spectral multipliers.
Our starting point is the observation that (1.1) may be rephrased as
Fm(f1, f2)(x) = m(i∂1, i∂2)(f1 ⊗ f2)(x, x), x ∈ R;
here ∂1, ∂2 denote the partial derivatives, while m(i∂1, i∂2) is defined by the bi-variate spectral
theorem. Note that ∂1 = ∂ ⊗ I and ∂2 = I ⊗ ∂, where ∂ denotes the derivative on R, while I
is the identity operator. We investigate the possibility of replacing i∂1 and i∂2 by some other
operators L1 = L⊗ I and L2 = I ⊗ L. The bilinear multipliers we consider are of the form
(1.2) Bm(f1, f2)(x) = m(L1, L2)(f1 ⊗ f2)(x, x), x ∈ X.
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Here L is a self-adjoint non-negative operator on L2(X, ν), and m(L1, L2) is defined by the
bi-variate spectral theorem. We also assume that L is injective on its domain, and that the
contractivity condition (CT) (see p. 4) and the well definiteness condition (WD) (see p. 5) are
satisfied. These assumptions should be regarded as technical ones. The main assumptions on
L that are in force in this paper are the existence of a Mikhlin-Hörmander functional calculus
(MH), see p. 4, together with a product formula for the spectral multipliers of L, see (PF) on
p. 6.
There are two main goals of our paper. Firstly, we would like to prove Coifman-Meyer type
multiplier theorems outside of the Fourier transform setting. Secondly, we would like to apply
these results to obtain fractional Leibniz rules.
The classical Coifman-Meyer multiplier theorem [7] says that the Mikhlin-Hörmander con-
dition supξ∈R2 |ξ|α1+α2 |∂αm(ξ)| ≤ Cα, α ∈ N2, implies the boundedness of Fm from Lp1 ×Lp2
to Lp, 1/p = 1/p1+1/p2, p1 > 1, p2 > 1, p > 1/2. This was proved by Coifman and Meyer for
p > 1, while for p > 1/2 it is due to Grafakos and Torres [12] and Kenig and Stein [15]. There
are also Coifman-Meyer type multiplier theorems which are known in settings other than the
Fourier transform. For bilinear multipliers on the torus a theorem of Coifman-Meyer type may
be deduced from Fan and Sato [9, Theorems 1-3]. Similarly, for bilinear multipliers on the
integers such a theorem follows from Blasco [5, Theorem 3.4]. Next, in the product Dunkl
setting a Coifman-Meyer type multiplier theorem was proved by Amri, Gasmi, and Sifi [3].
The main result of this paper is the following generalized Coifman-Meyer type theorem.
Theorem (Theorem 2.3). Let m : (0,∞)2 → C satisfy the Hörmander’s condition
|λ|α1+α2 |∂αm(λ)| ≤ Cα, λ ∈ (0,∞)2,
for sufficiently many multi-indices α ∈ N2. Then Bm given by (1.2) is bounded from Lp1(X)×
Lp2(X) to Lp(X), where 1/p1 + 1/p2 = 1/p, with p1, p2, p > 1.
Theorem 2.3 is formally stated and proved in Section 2. The main difficulty in obtaining the
theorem lies in finding an appropriate proof of the classical Coifman-Meyer multiplier theorem,
which is prone to modifications towards our setting. The proof we present in Section 2 follows
the scheme by Muscalu and Schlag [18, pp. 67-71]. An important ingredient in our proof is a
spectrally defined Littlewood-Paley theory. For this method to work the assumption (PF) is
very useful. It might be interesting to try to replace (PF) with a less rigid condition.
An application of Theorem 2.3 provides Coifman-Meyer type multiplier results for bilinear
multipliers given by (1.2) in three cases different than the Fourier transform setting. In Theo-
rem 3.1 we treat bilinear multipliers for L being the discrete Laplacian on Zd. This is close to
[5, Theorem 3.4], however our results here are of a different kind. In Theorem 4.1 we consider
bi-radial bilinear Dunkl multipliers, here L is the general Dunkl Laplacian. In Corollary 4.2 we
also reprove [3, Theorem 4.1]. Finally, in Theorem 5.1 we give a Coifman-Meyer type multiplier
result for Jacobi trigonometric polynomials, here L is the Jacobi operator.
The second main goal of this paper is to obtain fractional Leibniz rules for operators different
from the Laplacian. The fractional Leibniz rule states that, if ∆Rd is the Laplacian on R
d,
then for each s ≥ 0 and 1/p = 1/p1 + 1/p2, p1, p2 > 1, p > 1/2, we have,
‖(−∆Rd)s(fg)‖p . ‖(−∆Rd)s(f)‖p1‖g‖p2 + ‖(−∆Rd)s(g)‖p2‖f‖p1 .
The proof of this inequality can be found in Grafakos and Ou [11], see also Bourgain and Li [6]
for the endpoint case. The fractional Leibniz rule is also known as the Kato-Ponce inequality, as
Kato and Ponce studied a similar estimate [13] (see also [14]). Generalizations of Kato-Ponce or
similar inequalities were considered by many authors. For example Muscalu, Pipher, Tao, and
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Thiele [17] extended this inequality by admitting partial fractional derivatives in R2, Bernicot,
Maldonado, Moen, and Naibo [4] proved the Kato-Ponce inequality in weighted Lebesgue
spaces, while Frey [10] obtained a fractional Leibniz rule for general operators satisfying Davies-
Gaffney estimates and p1 = p = 2, p2 =∞
In the present paper we obtain fractional Leibniz rules of the form
‖Ls(fg)‖p .s ‖Ls(f)‖p1‖g‖p2 + ‖Ls(g)‖p2‖f‖p1 ,
where s > 0 and 1/p1+1/p2 = 1/p, with p1, p2, p > 1, in two other settings. In Corollary 3.2 we
prove a fractional Leibniz rule for L being the discrete Laplacian on Zd, while in Corollary 4.3
we justify a fractional Leibniz rule when L is the Dunkl Laplacian in the product setting. The
proofs of these fractional Leibniz rules rely on two properties of L. Firstly, we need appropriate
Coifman-Meyer type multiplier results; these are Theorems 3.1 and 4.1 and are deduced from
Theorem 2.3. Secondly, we require the existence of certain operators related to L that satisfy
(or almost satisfy) an integer order Leibniz rule. As we do not know such an operator in the
Jacobi setting we do not provide a fractional Leibniz rule there.
The article is organized as follows. In Section 2 we provide a general Coifman-Meyer type
multiplier result, see Theorem 2.3. This is then a basis to establish Coifman-Meyer type
multiplier results in various cases. In Section 3 we apply Theorem 2.3 for the discrete Laplacian
on Zd, see Theorem 3.1. As a consequence, in Corollary 3.2 we also obtain a fractional Leibniz
rule. Next, in Section 4 we deduce from Theorem 2.3 a Coifman-Meyer multiplier theorem for
general bi-radial Dunkl multipliers, see Theorem 4.1. From this result we obtain a fractional
Leibniz rule for the Dunkl Laplacian in the product case, see Corollary 4.3. Finally, in Section 5,
using Theorem 2.3 we prove a bilinear multiplier theorem for Jacobi trigonometric polynomial
expansions.
It is straightforward to extend the result of this paper to the multilinear setting. However,
to keep the presentation simple, we decided to limit ourselves to the bilinear case.
Troughout the paper we use the variable constant convention, where C, Cp, Cs, etc. may
denote different constants that may change even in the same chain of inequalities. We write
X . Y, whenever X ≤ CY, with C being independent of significant quantities. Similarly, by
X ≈ Y we mean that C−1Y ≤ X ≤ CY. By S(Rd) we denote the space of Schwartz functions.
The symbols Z and N denote the sets of integers and non-negative integers, respectively. For a
multi-index α ∈ N2 by |α| we denote its length α1 + α2. Throughout the paper, for a function
ψ : [0,∞)→ C we set
ψk(λ) = ψ(2
−kλ), λ ∈ [0,∞).
2. General bilinear multipliers
We say that a function µ : (0,∞) → C satisfies the (one-dimensional) Mikhlin-Hörmander
condition of order ρ ∈ N if it is differentiable up to order ρ and
(2.1) ‖µ‖MH(ρ) := sup
j≤ρ
sup
λ∈(0,∞)
|λj || d
j
dλj
µ(λ)| <∞.
Similarly, we say that m : (0,∞)2 → C satisfies the (two-dimensional) Mikhlin-Hörmander
condition of order s ∈ N, if the partial derivatives ∂αm exist for multi-indices |α| ≤ s and
(2.2) ‖m‖MH(s) := sup
|α|≤s
sup
λ∈(0,∞)2
|λ||α||∂αm(λ1, λ2)| <∞.
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Consider a non-negative self-adjoint operator L on L2(X, ν) with domain Dom(L). Here
(X, ν) is a σ-finite measure space with ν being a Borel measure. Throughout the paper we
assume that L generates a symmetric contraction semigroup, namely
(CT) ‖e−tLf‖Lp(X,ν) ≤ ‖f‖Lp(X,ν), f ∈ Lp(X, ν) ∩ L2(X, ν),
and that L is injective on Dom(L). Then, for µ : (0,∞) → C, the spectral theorem allows us
to define the multiplier operator µ(L) =
∫
(0,∞) µ(λ)dE(λ) on the domain
Dom(µ(L)) =
{
f ∈ L2(X, ν) :
∫
(0,∞)
|µ(λ)|2 dEf,f (λ) <∞
}
.
Here E is the spectral measure of L, while Ef,f is the complex measure defined by Ef,f (·) =
〈E(·)f, f〉L2(X,ν).
We shall need the following assumption on L;
(MH)
L has a Mikhlin-Hörmander functional calculus of a finite order ρ > 0. More pre-
cisely, every function µ that satisfies (2.1) gives rise to an operator µ(L) which is
bounded on all Lp(X, ν), 1 < p <∞, and
‖µ(L)‖Lp(X,ν)→Lp(X,ν) ≤ Cp‖µ‖MH(ρ).
Note that if L = (−∆R)1/2 then (MH) follows from the Mikhlin-Hörmander multiplier theorem.
There are two consequence of (MH) which will be needed later. The first of them is well
known and follows from Khintchine’s inequality.
Proposition 2.1. Let ψ : [0,∞) → C be a function supported in [ε, ε−1], for some ε > 0, and
assume that ψ ∈ Cρ([0,∞)). Then the square function
f 7→ Sψ(f) =
(∑
k∈Z
|ψk(L)f |2
)1/2
is bounded on Lp(X, ν), p > 1, and
(2.3) ‖Sψ(f)‖Lp(X,ν) ≤ Cε ‖ψ‖Cρ([0,∞))‖f‖Lp(X,ν).
The second of the required consequences is proved in [23, Corollary 3.2].
Proposition 2.2. Let ϕ : [0,∞) → C be compactly supported, and assume that ϕ ∈ Cα([0,∞))
for some α > ρ+ 2. Then the maximal operator
f 7→Mϕ(f) = sup
k∈Z
|ϕk(L)f |
is bounded on Lp(X, ν), p > 1, and
(2.4) ‖Mϕ(f)‖Lp(X,ν) ≤ ‖ϕ‖Cρ+2([0,∞))‖f‖Lp(X,ν).
To simplify the proof of our main Theorem 2.3 we will need an auxiliary subspace of L2(X, ν).
Namely, consider the spaces
(2.5) A2 = {g ∈ L2(X, ν) : g = E(ε,ε−1)g, for some ε > 0} and A = A2 ∩
⋂
1<p<∞
Lp(X, ν).
Then, (MH) implies that A is dense in Lp(X, ν) for 1 < p <∞.
For the convenience of the reader we shall justify this statement. Let ψ : [0,∞) → C be a
smooth function which is supported in [1/2, 2] and such that
∑
k∈Z ψk(λ) = 1, λ > 0. Then,
for each N ∈ N and f ∈ L1(X, ν) ∩ L∞(X, ν) the partial sum SNf =
∑N
k=−N ψk(L)f belongs
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to A by (MH). We claim that SNf → f in Lp(X, ν). To see this we take 1 < r < ∞ if p ≤ 2
or r > p if p > 2. Then we observe that ‖SNf‖Lr(X,ν) is uniformly bounded in N (this follows
from (MH)) and that SNf → f in L2(X, ν) (this follows from the spectral theorem, since
E{0} = 0 by the injectivity of L). Therefore, the log-convexity of L
p norms proves the claim.
Finally, a density argument together with the fact that ‖SNf‖Lp(X,ν) is uniformly bounded in
N shows that A is dense in Lp(X, ν) and finishes our task.
Besides being dense in Lp(X, ν) the space A has the nice property that each f ∈ A satisfies
f =
∑N(f)
k=−N(f) ψk(L)f, where N(f) is a fixed integer depending on f and ψ is the function
from the previous paragraph. This allows us to deal easily with some rather delicate questions
on convergence in the proof of Theorem 2.3.
We proceed to define formally the bilinear multipliers studied in this paper. To do this we
will need the operators L1 = L⊗ I and L2 = I ⊗ L. These may be regarded as non-negative
self-adjoint operators on L2(X ×X, ν⊗ ν), see [21, Theorem 7.23] and [25, Proposition A.2.2].
Moreover, the spectral measure of L1 is EL ⊗ I, while the spectral measure of L2 is I ⊗ EL.
Thus, the operators L1 and L2 commute strongly and the bivariate spectral theorem, see e.g.
[21, Theorem 5.21], allows us to consider multiplier operators
m(L1, L2) =
∫
(0,∞)2
m(λ) dE⊗(λ)
on the domain
Dom(m(L1, L2)) =
{
F ∈ L2(X ×X, ν ⊗ ν) :
∫
(0,∞)
|m(λ)|2 dE⊗F,F (λ) <∞
}
.
Here m : [0,∞)2 → C is a Borel measurable function, E⊗ = EL⊗EL is the joint spectral mea-
sure of (L1, L2), while E
⊗
F,F is the complex measure defined by (E
⊗)F,F (·) = 〈E⊗(·)F,F 〉L2(X×X,ν⊗ν).
In the most general form the bilinear multiplier operators studied in the paper are given by
(2.6) Bm(f1, f2)(x) = m(L1, L2)(f1 ⊗ f2)(x, x) =
(∫∫
(0,∞)2
m(λ) d(Ef1 ⊗Ef2)
)
(x, x),
where L1 = L⊗ I and L2 = I ⊗L. Since the diagonal {(x, x) : x ∈ X} may be of measure 0 in
(X ×X, ν ⊗ ν) the equation (2.6) is not formal. In order to make it rigorous we assume that:
(WD)
if f1, f2 ∈ A and m : (0,∞)2 → C is bounded, then
• m(L1, L2)(f1 ⊗ f2) has a continuous representative on X ×X
• ‖m(L1, L2)(f1 ⊗ f2)‖L∞((X×X),ν⊗ν) ≤ Cf1,f2‖m‖L∞((0,∞)2).
Thus, restricting m(L1, L2)(f1 ⊗ f2)(x1, x2) to the diagonal, we have a formal definition of
Bm(f1, f2), for f1, f2 ∈ A. For instance, if L = (−∆R)1/2, then the operator Bm is closely
related to the bilinear multiplier for the Fourier transform, namely,
Bm(f1, f2)(x) =
∫∫
R2
m(|ξ1|, |ξ2|)fˆ(ξ1)fˆ(ξ2)eix(ξ1+ξ2) dξ.
If m is bounded and f1, f2 ∈ A then m(ξ1, ξ2)fˆ(ξ1)fˆ(ξ2) ∈ L1(Rd), and thus Bm(f1, f2)(x) is
well defined (in fact continuous) by the Lebesgue dominated convergence theorem.
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We need one more assumption to prove the main theorem. Namely, we require that:
(PF)
there is b > 0 with the following property: if ϕ and ψ are bounded smooth functions
such that suppϕk ⊆ [0, 2k−b] and suppψk ⊆ [2k−2, 2k+2], k ∈ Z, then
ϕk(L)(f1) · ψk(L)(f2) = ψ˜k(L)[ϕk(L)(f1) · ψk(L)(f2)], for f1, f2 ∈ A,
where ψ˜k is a smooth function which is bounded by 1, equals 1 on [2
k−3−b, 2k+3+b]
and vanishes outside [2k−5−b, 2k+5+b].
We remark that, since f1, f2 ∈ A, the function g = ϕk(L)(f1)·ψk(L)(f2) belongs to L2(X, ν), so
that an application of ψ˜k(L) to g is legitimate. Note that when L = (−∆R)1/2 the formula (PF)
can be easily deduced by using the convolution structure on the frequency space associated
with Fourier multipliers.
In what follows we often abbreviate Lp := Lp(X, ν) and ‖ · ‖p := ‖ · ‖Lp . Let p, p1, p2 > 1.
We say that a bilinear operator B is bounded from Lp1 × Lp2 to Lp if
‖B(f1, f2)‖p ≤ C‖f1‖p1‖f2‖p2 , f1, f2 ∈ A.
Note that in this case B has a unique bounded extension from Lp1 × Lp2 to Lp.
The main result of this paper is a Coifman-Meyer type general bilinear multiplier theorem.
Theorem 2.3. Let L be a non-negative self-adjoint operator on L2(X, ν), which is injective on
its domain and satisfies (CT), (MH), (WD), and (PF). Assume that m : (0,∞)2 → C satisfies
the Mikhlin-Hörmander condition (2.2) of an order s > 2ρ + 4. Then the bilinear multiplier
operator Bm, given by (2.6), is bounded from L
p1 × Lp2 to Lp, where 1/p1 + 1/p2 = 1/p, and
p1, p2, p > 1. Moreover, for such p, p1, p2, there is C = C(p1, p2, p, s) such that
(2.7) ‖Bm(f1, f2)‖p ≤ C ‖m‖MH(s) ‖f1‖p1‖f2‖p2 .
Proof. Let ψ be a smooth function supported in [1/2, 2] and such that
∑
k ψk ≡ 1. We set
F = f1 ⊗ f2 : X ×X → C and split
Bm(f1, f2)(x) =
∑
k1,k2∈Z
[ψk1(L1)ψk2(L2)m(L1, L2)](F )(x, x)
=
∑
|k1−k2|≤b+2
. . . +
∑
k1>k2+b+2
. . . +
∑
k2>k1+b+2
. . . := T1 + T2 + T3.
There is no issue of convergence here as for f1, f2 ∈ A each of the sums defining T1, T2, and T3
is finite.
We estimate separately each of the operators Ti, i = 1, 2, 3, starting with T1. This is the
easiest part, in fact here the assumption (PF) is redundant.
For k ∈ Z set
mk(λ1, λ2) = ψk(λ1)
∑
k2 : |k−k2|≤b+2
ψk2(λ2)m(λ) = ψk(λ1)φk(λ2)m(λ),
with φ(λ2) =
∑
|j|≤b+2ψj(λ2), so that suppφ ⊆ [2−b−3, 2b+3], and
suppψ ⊗ φ ⊆ [2−1, 21]× [2−b−3, 2b+3].
Let ψ˜ be another smooth function, which vanishes outside [2−b−4, 2b+4] and equals 1 on
[2−b−3, 2b+3]. Then
mk(λ1, λ2) = [ψ˜k(λ1)ψ˜k(λ2)]ψk(λ1)φk(λ2)m(λ),
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Moreover, suppmk ⊆ [2k−b−4, 2k+b+4]2, and, consequently, Mk(λ) := mk(2kλ) is supported
in [−2b+4, 2b+4]2 := [−a, a]2. Thus, Mk can be expanded into a double Fourier series inside
[−a, a]2, i.e.,
Mk(λ) =
∑
n1,n2∈Z
cn,ke
πin1λ1/aeπin2λ2/a, λ ∈ [−a, a]2,
with the Fourier coefficients
cn,k =
1
4a2
∫∫
[−a,a]2
[ψ ⊗ φ]m(2kξ) eπin1ξ1/aeπin2ξ2/a dλ.
Now, using integration by parts, together with the assumption (2.2), and the fact that ψ ⊗ φ
is compactly supported away from 0, we we obtain the uniform in k ∈ Z bound
(2.8) |cn,k| ≤ C ‖m‖MH(s) (1 + |n|)−s, n ∈ Z2.
We remark that here, in order to conclude (2.8), it is perfectly enough to assume the Marcinkiewicz
’product’ condition
|Dγm(λ)| ≤ C|λ1|γ1 |λ2|γ2 ,
instead of (2.2).
Coming back to mk we now write, for λ ∈ [2k−b−4, 2k+b+4]2,
ψk(λ1)φk(λ2)m(λ) =
∑
n∈Z2
cn,k e
2πin12−kλ1/ae2πin22
−kλ2/a.
Thus, mk can be expressed as
mk(λ1, λ2) =
∑
n∈Z2
cn,k[ψ˜k(λ1)e
(2π/a)in12−kλ1 ][ψ˜k(λ2)e
(2π/a)in22−kλ2 ]
:=
∑
n∈Z2
cn,kψ
n1
k (λ1)ψ
n2
k (λ2).
By (2.8) and the bivariate spectral theorem we have that
mk(L1, L2)(F )(x1, x2) =
∑
n∈Z2
cn,k [ψ˜k(L1)e
(2π/a)in12−kL1(f1)](x1)[ψ˜k(L2)e
(2π/a)in22−kL2 ](f2)(x2),
for a.e. x1, x2 ∈ X; here we have convergence in L2(X × X, ν ⊗ ν). Moreover, (2.8) and the
assumption (WD) imply that the above sum converges also pointwise (and gives a continuous
function on X ×X).
Consequently, for x ∈ X we have
T1(f1, f2)(x) =
∑
k∈Z
mk(L1, L2)(F )(x, x) =
∑
n∈Z2
∑
k∈Z
cn,k ψ
n1
k (L)(f1)(x) · ψn2k (L)(f2)(x),
where we have used the fact that the sum in k is finite when f1, f2 ∈ A. Now Schwarz’s in-
equality (first inequality below), and Hölder’s inequality together with (2.8) (second inequality
below), lead to the estimate
‖T1(f1, f2)‖p ≤
∑
n∈Z2
sup
k∈Z
|cn,k|
∥∥∥∥∥(
∑
k∈Z
|ψn1k (L)(f1)|2
)1/2(∑
k∈Z
|ψn2k (L)(f2)|2
)1/2∥∥∥∥∥
p
. ‖m‖MH(s)
∑
n∈Z2
(1 + |n|)−s
∥∥∥∥∥(
∑
k∈Z
|ψn1k (L)(f1)|2
)1/2∥∥∥∥∥
p1
∥∥∥∥∥(
∑
k∈Z
|ψn2k (L)(f2)|2
)1/2∥∥∥∥∥
p2
.
(2.9)
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Thus, taking into account the presence of the modulations e2πinj2
−kλj/a in the definition of
ψ
nj
k , j = 1, 2, and using Proposition 2.1 we obtain∥∥∥∥∥
(∑
k∈Z
|ψnjk (L)(fj)|2
)1/2∥∥∥∥∥
pj
. (1 + |nj |)ρ ‖fj‖pj .
However, since we have the rapidly decaying factor in (2.9), if s > 2ρ + 4, we arrive at the
desired bound
‖T1(f1, f2)‖p . ‖m‖MH(s) ‖f1‖p1‖f2‖p2 .
Now we pass to estimating T2 and T3. Since the proofs are mutatis mutandis the same, we
treat only the former operator. Setting ϕ =
∑
j<−b−2ψj we rewrite T1 as
T2(f1, f2)(x) =
∑
k1>k2+b+2
[ψk1(L1)ψk2(L2)m(L1, L2)](F )(x, x)
=
∑
k1
[ψk1(L1)
( ∑
k2<k1−b−2
ψ(2−k2L2)
)
m(L1, L2)](f1 ⊗ f2)(x, x)
=
∑
k
[ψk(L1)ϕk(L2)m(L1, L2)](f1 ⊗ f2)(x, x),
where ϕ(λ2) =
∑
k2<−b−2
ψk2(λ2). Then clearly suppϕ ⊆ [0, 2−b−1]. Recall that in the above
decomposition of T2 all the appearing sums in k, k1, and k2, are in fact finite since f1, f2 ∈ A.
Set mk := ψkϕkm and note that mk is supported in [2
k−1, 2k+1]× [0, 2k−b−1], this is because
suppψ ⊗ ϕ ⊆ [2−1, 21]× [0, 2−b−1].
Similarly to the case of T1 we expand the function Mk = mk(2
kλ) in a Fourier series. Namely,
let ψ˜ be a smooth function vanishing outside [2−2, 22] and equal to 1 on [2−1, 21], and let ϕ˜ be
a smooth function vanishing outside [0, 2−b] and equal to 1 on [0, 2−b−1]. Then
mk(λ1, λ2) = [ψ˜k(λ1)ϕ˜k(λ2)]ψk(λ1)ϕk(λ2)m(λ),
Moreover, suppmk ⊆ [2k−1, 2k+1] × [0, 2k−b−1], and, consequently, Mk(λ) = mk(2kλ) is sup-
ported in [−2, 2]2. Hence, Mk can be expanded into a double Fourier series inside [−2, 2]2, i.e.,
for λ ∈ [−2, 2]2,
Mk(λ) =
∑
n1,n2∈Z
cn,ke
pi
2
in1λ1e
pi
2
in2λ2 ,
with the Fourier coefficients
cn,k =
1
16
∫∫
[−2,2]2
[ψ ⊗ ϕ]m(2kξ) epi2 in1ξ1epi2 in2ξ2 dξ.
As with T1, we now use integration by parts, together with the assumption (2.2). Here it is
important that we assume the stronger Mikhlin-Hörmander condition instead of merely the
Mikhlin-Marcinkiewicz condition. Indeed, from integration by parts we obtain, for arbitrary β
cn,k = O((1 + |n|)−β)
∫∫
[−2,2]2
dβ
dξβ
([ψ ⊗ ϕ]m(2kξ)) epi2 in1ξ1epi2 in2ξ2 dξ.
However, as ψ ⊗ ϕ does not vanish for λ2 close to zero, in order to conclude that the above
integral is uniformly bounded we do need (2.2). In summary we proved that (2.8) holds also
in this case.
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Coming back to mk we now write, for λ ∈ [2k−2, 2k+2]× [0, 2k−b]
ψk(λ1)ϕk(λ2)m(λ) =
∑
n∈Z2
cn,k e
pi
2
in12−kλ1e
pi
2
in22−kλ2 .
Thus, mk, k ∈ Z, can be expressed as
mk(λ1, λ2) =
∑
n
cn,k[ψ˜k(λ1)e
pi
2
in12−kλ1 ][ϕ˜k(λ2)e
pi
2
in22−kλ2 ]
:=
∑
n∈Z
cn,kψ
n1
k (λ1)ϕ
n2
k (λ2).
With the aid of (WD) and (2.8), arguing as on p. 7 we see that
mk(L1, L2)(F )(x, x) =
∑
n∈Z2
cn,k ψ
n1
k (L)(f1)(x) · ϕn2k (L)(f2)(x),
where the series on the right converges pointwise to a continuous function on X.
Summarizing the above, we have just decomposed
T2(f1, f2)(x) =
∑
k∈Z
mk(L1, L2)(F )(x, x) =
∑
n∈Z2
∑
k∈Z
cn,k ψ
n1
k (L)(f1)(x) · ϕn2k (L)(f2)(x).
Now, let ψ˜ be a real-valued smooth function equal to 1 on [2−3−b, 23+b] and vanishing outside
[2−5−b, 25+b]. Since, for each n = (n1, n2) ∈ Z2, the function ϕn2k is supported in [0, 2k−b], and
the function ψn1k is supported in [2
k−2, 2k+2], using the assumption (PF) we have
T2(f1, f2)(x) =
∑
n∈Z2
∑
k∈Z
cn,kψ˜k(L)[ψ
n1
k (L)(f1) · ϕn2k (L)(f2)](x).
Hence, if h is a function in Lq, 1/p + 1/q = 1, then we obtain∫
X
T2(f1, f2)(x)h(x) dν(x) =
∫
X
∑
n∈Z2
∑
k∈Z
cn,k ψ
n1
k (L)(f1)(x) ·ϕn2k (L)(f2)(x)ψ˜k(L)(h)(x) dν(x),
and, consequently,
|
∫
X
T2(f1, f2)(x)h(x) dν| ≤
∑
n∈Z2
sup
k∈Z
|cn,k|×
×
∫
X
[(∑
k∈Z
|ψn1k (L)(f1)|2
)1/2
sup
k∈Z
ϕn2k (L)(f2)
](∑
k∈Z
|ψ˜k(L)(h)|2
)1/2
dν
. ‖m‖MH(s)
∑
n∈Z2
(1 + |n|)−s
∥∥∥∥∥(
∑
k∈Z
|ψn1k (L)(f1)|2
)1/2∥∥∥∥∥
p1
∥∥∥∥sup
k∈Z
|ϕn2k (L)(f2)|
∥∥∥∥
p2
,
(2.10)
where we used Proposition 2.1 with ψ˜ in the second inequality above. Similarly to the estimate
for T1, applying Propositions 2.1 and 2.2 leads to∥∥∥∥∥
(∑
k
|ψn1k (L)(f1)|2
)1/2∥∥∥∥∥
p1
. (1 + |n1|)ρ‖f1‖p1 (cf. (2.3))
∥∥∥∥sup
k
|ϕn2k (L)(f2)|
∥∥∥∥
p2
. (1 + |n2|)ρ+2‖f2‖p2 (cf. (2.4)).
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Finally, the rapidly decaying factor in (2.10) gives, for s > 2ρ+ 4, the desired bound
‖T2(f1, f2)‖p . ‖m‖MH(s) ‖f1‖p1‖f2‖p2 .
The proof of Theorem 2.3 is thus completed. 
3. Bilinear multipliers on Zd
In the present section we formalize Theorem 2.3 for bilinear multiplier operators on Zd. We
also prove a fractional Leibniz rule for the discrete Laplacian.
Let ej = (0, . . . , 1, . . . , 0) ∈ Zd be the j-th coordinate vector. Consider the discrete Laplacian
on Zd, given by
∆Zd(f)(n) = 2d f(n)−
d∑
j=1
(f(n+ ej) + f(n− ej)) = 2dIf(n)−
d∑
j=1
(f ∗ δej + f ∗ δ−ej).
The multilinear operators (2.6) for the discrete Laplacian are defined via Fourier analysis on
Z
d. Namely, let Td ≡ (−1/2, 1/2]d be the d-dimensional torus, let
FZd(f)(ξ) =
∑
n∈Zd
f(k)e2πin·ξ, ξ ∈ Td
be the Fourier transform on Zd, and define
Sin2(ξ) = 4
d∑
j=1
sin2(πξj), ξ ∈ Td.
Then, since
FZd(∆Zd(f))(ξ) = Sin2(ξ)FZd(f)(ξ), ξ ∈ Td,
the formula (2.6) takes the form
Bm(f1, f2)(n) := m((−∆Zd)1/2 ⊗ I, I ⊗ (−∆Zd)1/2)(f1 ⊗ f2)(n, n)
=
∫
Td
∫
Td
m(|Sin(ξ1)|, |Sin(ξ2)|)FZd(f1)(ξ1)FZd(f2)(ξ2)e−2πin(ξ1+ξ2) dξ,
(3.1)
where n ∈ Zd. Note that the space A2 from (2.5) in this case is given by
A2 = {g ∈ L2(Td) : FZd(g)(ξ) = 0 for some ε > 0 and all |ξ| < ε.}
Throughout this section we denote by Lp the space lp(Zd) equipped with the counting
measure. Using Theorem 2.3 we prove the following Coifman-Meyer multiplier theorem for the
discrete Laplacian.
Theorem 3.1. Assume that m satisfies Hörmander’s condition (2.2) of order s > d + 4.
Then the bilinear multiplier operator given by (3.1) is bounded from Lp1 × Lp2 to Lp, where
1/p1 + 1/p2 = 1/p, and p1, p2, p > 1. Moreover, the bound (2.7) holds.
Proof. It is well known that L = (−∆Zd)1/2 is injective on L2 and satisfies (CT). Moreover, it
also satisfies (WD) since for f1, f2 ∈ A we have FZd(f1)(ξ1)FZd(f2)(ξ2) ∈ L1(Td × Td). From
[1, Theorem 1.1] it follows that −∆Zd has a Mikhlin-Hörmander functional calculus (of order
[d/2] + 1). Then, clearly, the same is true for (−∆Zd)1/2. Hence, (MH) has been justified.
To apply Theorem 2.3 it remains to show that L = (−∆Zd)1/2 satisfies (PF). We prove
it with b = 7 + 12 log2 d. Since the spectrum of (−∆Zd)1/2 is contained in [0, 2
√
d], we have
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ψk((−∆Zd)1/2) ≡ 0, if k > 2 + 12 log2 d. Hence, it suffices to show (PF) for k ≤ 2 + 12 log2 d.
Using elementary Fourier analysis on Zd we see that to prove (PF) it is enough to show that
ψ˜k ◦ |Sin | = 1 on the support of ((ψk ◦ |Sin |)FZd(f1)) ∗Td ((ϕk ◦ |Sin |))FZd(f2)),
where ψ˜k, ψk, and ϕk are the functions from (PF). In other words that we are left with proving
that if |Sin(ξ)| < 2k−3−b or |Sin(ξ)| > 2k+3+b, then
(3.2)
∫
Td
ψk(|Sin(ξ − η)|)FZd (f1)(ξ − η) · ϕk(|Sin(η)|)FZd (f2)(η) dη = 0.
The formula
(3.3) sinπ(t− s) = sinπt cos πs− sinπs cos πt, s, t ∈ T,
leads to | sin π(ξj)| ≤ | sinπ(ξj − ηj)|+ | sin πηj|, j = 1, . . . , d, and, consequently,
|Sin(ξ)| ≤
√
d(|Sin(ξ − η)|+ |Sin(η)|), η ∈ Td.
From the above it follows that if |Sin(ξ)| > 2k+3+b, then for every η ∈ Td the integrand in
(3.2) vanishes.
It remains to show that also |Sin(ξ)| < 2k−3−b forces (3.2). We argue by contradiction
assuming that |Sin(ξ)| < 2k−3−b yet the integral in (3.2) is non-zero. Then, for some η ∈ Td,
we must have ψk(|Sin(ξ − η)|)ϕk(|Sin(η)|) 6= 0, which implies that
(3.4) 2k−1 ≤ |Sin(ξ − η)| ≤ 2k+1 and |Sin(η)| ≤ 2k−b.
Note that since k ≤ 2 + 12 log2 d, the integral in (3.2) runs over |Sin(η)| ≤ 2k−b ≤ 2−1,
and, consequently, we consider only those η satisfying | cos πηj| >
√
3/2 > 1/2, for every
j = 1, . . . , d. Now, using (3.3) (with t− s = ξj, s = −ηj) we obtain
| sinπξj| ≥ | sinπ(ξj − ηj)|| cos πηj | − | cos π(ξj − ηj)|| sin πηj|
≥ 1
2
| sinπ(ξj − ηj)| − | sin πηj|.
Summing the above estimate in j and using Schwarz inequality we arrive at
√
d|Sin(ξ)| ≥
d∑
j=1
| sinπξj| ≥ 1
2
d∑
j=1
| sinπ(ξj − ηj)| −
d∑
j=1
| sinπηj| ≥ 1
2
|Sin(ξ − η)| −
√
d|Sin(η)|.
Now, since |Sin(ξ)| < 2k−3−b, using (3.4) we arrive at
2k−b−3 > |Sin(ξ)| > 1√
d
(
2k−1 −
√
d2k−b
)
=
1√
d
(2k−1 − 2k−7) > 1√
d
2k−2 = 2k−b+5,
which is a contradiction. 
As a corollary of Theorem 3.1 we prove a fractional Leibniz rule for the discrete Laplacian
on Zd. For Re(z) ≥ 0 and h ∈ L2 the complex derivative (−∆Zd)zh is given by
FZd((−∆Zd)zh)(ξ) = |Sin ξ|2zFZd(h)(ξ), ξ ∈ Td.
This coincides with taking the n-th composition of (−∆Zd) when z = n is a non-negative
integer. Clearly, (−∆Zd)z is bounded on L2. Moreover, when z = s ∈ R, s ≥ 0, then (−∆Zd)s
is also bounded on all Lp, 1 ≤ p ≤ ∞. To see this we just use the Taylor series expansion
of the function xs = (1 − (1 − x))s, with x replaced by (−∆Zd)/(4d). This is legitimate since
(−∆Zd)/(4d) is a contraction on all Lp spaces. Our fractional Leibniz rule is the following.
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Corollary 3.2. Let 1/p = 1/p1 + 1/p2, with p, p1, p2 > 1. Then, for every s > 0,
(3.5) ‖(−∆Zd)s(fg)‖p . ‖(−∆Zd)sf‖p1‖g‖p2 + ‖(−∆Zd)sg‖p2‖f‖p1 ,
where f, g ∈ A.
Remark 1. Note that if f, g ∈ A then fg ∈ L2, hence (−∆Zd)s(fg) makes sense.
Remark 2. Since (−∆Zd)s is bounded on all Lp spaces, 1 ≤ p ≤ ∞, a version of (3.5) without
the Laplacians on the right hand side is obvious. This is in contrast with the fractional Leibniz
rule on Rd.
In the proof of the corollary we shall need two lemmata. The first of them follows from the
lp(Z) boundedness of the discrete Hilbert transform.
Lemma 3.3. The one-dimensional linear multiplier operator
H(f)(n) =
∫ 1/2
0
FZ(f)(x)e2πiξn dξ, n ∈ Z
is bounded on all lp(Z) spaces, 1 < p <∞.
The second of the lemmata is the following.
Lemma 3.4. Let d = 1. Assume that ϕ : (0,∞)2 → C is a bounded function that satisfies the
Mikhlin-Hörmander condition (MH) of order 6. Then, for Re(z) ≥ 0 we have
(−∆Z)z(Bϕ(f, g))(n)
=
∫∫
T2
ϕ(2| sin πξ1|, 2| sin πξ2|) |2 sin π(ξ1 + ξ2)|2ze2πi(ξ1+ξ2)n FZ(f)(ξ1)FZ(g)(ξ2) dξ,
(3.6)
where f, g ∈ A, and n ∈ Z.
Proof. From Theorem 3.1 and the assumptions on ϕ it follows that Bϕ(f, g) ∈ ℓ2(Z). Thus,
the left hand side of (3.6) makes sense as a function on ℓ2(Z). Moreover, a continuity argument
shows that it suffices to demonstrate (3.6) for Re(z) > 0.
Set ϕ˜(ξ1, ξ2) = ϕ(2| sin πξ1|, 2| sin πξ2|). Since −∆Z(e2πit·)(n) = 4(sin2 πt)e2πitn, for t ∈ T
and n ∈ Z, we deduce that (−∆Z)k(e2πit·)(n) = 22k| sinπt|2ke2πitn, k ∈ N. Hence, for k, n ∈ N,
we have
(−∆Z)k(Bϕ(f, g))(n) =
∫∫
T2
ϕ˜(ξ1, ξ2) (4 sin
2 π(ξ1 + ξ2))
ke2πi(ξ1+ξ2)nFZ(f)(ξ1)FZ(g)(ξ2) dξ.
Thus, for P being a polynomial we obtain
P (−∆Z)(Bϕ(f, g))(n) =
∫∫
T2
ϕ˜(ξ1, ξ2)P (4 sin
2 π(ξ1 + ξ2))e
2πi(ξ1+ξ2)n FZ(f)(ξ1)FZ(g)(ξ2) dξ,
where n ∈ Z.
Finally, a density argument shows that the above formula remains true for continuous func-
tions in place of polynomials. In particular, taking λ 7→ λz, Re(z) > 0, we obtain (3.6). 
We proceed to the proof of the corollary.
Proof of Corollary 3.2. We claim that it is enough to prove the corollary in dimension d = 1.
Indeed, fix s > 0 and assume that (3.5) is true in this case. Let ∆Z be the one dimensional
discrete Laplacian on Z. Define Lj := −∆Z ⊗ I(j), j = 1, . . . , d, to be the one-dimensional
discrete Laplacian acting on the j-th variable, so that, clearly, −∆Zd =
∑d
j=1 Lj. Since each
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Lj generates a symmetric contraction semigroup, using e.g. the multivariate multiplier theorem
[24, Corollary 3.2] we see that the operator
(
∑
Lj)
s(
∑
Lsj)
−1
is bounded on Lp, p > 1. In other words, we have the bound
‖(−∆Zd)s(fg)‖p . ‖
d∑
j=1
Lsj(fg)‖p ≤
d∑
j=1
‖Lsj(fg)‖p.
Since the multiplier Lsj(−∆Zd)−s is bounded on all Lp, p > 1, (this again follows from [24,
Corollary 3.2]) in order to conclude the proof of our claim it is thus enough to show that
(3.7) ‖Lsj(fg)‖p . ‖Lsjf‖p1‖g‖p2 + ‖Lsjg‖p2‖f‖p1 ,
for every j = 1, . . . , d.
For notational simplicity we justify (3.7) only for j = 1, the proofs for other j are analogous.
For a sequence h : Zd → C denote hn(k) := h(k, n), k ∈ Z, n ∈ Zd−1. Clearly, we have
(fg)n(·) = fn(·)gn(·). Then, using (3.5) in the dimension d = 1 (first inequality below), together
with the simple fact that (a+ b)p ≈ ap + bp (second and last inequalities below), and Hölder’s
inequality with exponents p1/p, p2/p > 1 (third inequality below) we obtain
‖Ls1(fg)‖p =
∑
n∈Zd−1
‖Ls1((fg)n(·))‖plp(Z) =
∑
n∈Zd−1
‖Ls1(fn(·)gn(·))‖plp(Z)
.
∑
n∈Zd−1
(‖Ls1(fn)‖lp1 (Z)‖gn‖lp2 (Z) + ‖Ls1(gn)‖lp1 (Z)‖fn‖lp2 (Z))p
.
∑
n∈Zd−1
‖Ls1(fn)‖plp1 (Z)‖gn‖plp2 (Z) + ‖Ls1(gn)‖plp1 (Z)‖fn‖plp2 (Z)
.
( ∑
n∈Zd−1
‖Ls1(fn)‖p1lp1 (Z)
)p/p1( ∑
n∈Zd−1
‖gn‖p2lp2 (Z)
)p/p2
+
( ∑
n∈Zd−1
‖Ls1(gn)‖p2lp2 (Z)
)p/p2( ∑
n∈Zd−1
‖fn‖p1lp1 (Z)
)p/p1 = ‖Ls1(f)‖pp1‖g‖pp2 + ‖Ls1(g)‖pp2‖f‖pp1
.
(‖Ls1(f)‖p1‖g‖p2 + ‖Ls1(g)‖p2‖f‖p1)p.
Hence, (3.7) is proved.
Having justified the claim we now focus on proving (3.5) for d = 1. Till the end of the proof
of the corollary we work on Z and write lp and ‖ · ‖p for lp(Z) and ‖ · ‖lp(Z), respectively.
Let η0 and η1 be smooth functions satisfying supp η0 ⊆ [0, 1/4], supp η1 ⊆ [1/8, 10] and η0+
η1 = 1 on [0, 4]. For a function h ∈ A we set h0 = η0((−∆Z)1/2)(h) and h1 = η1((−∆Z)1/2)(h),
so that h = h0 + h1. From [1, Theorem 1.1] it follows that, for each fixed s > 0 the mul-
tiplier (−∆Z)−sη1(−∆Z) is bounded on all lp, 1 < p < ∞. Moreover, h0, h1 ∈ A. Since
h1 = (−∆Z)−sη1(−∆Z)[(−∆Z)s(h)], we thus have the estimate
‖h1‖p . ‖(−∆Z)sh‖p.
Hence, using the boundedness of (−∆Z)s and Hölder’s inequality we obtain
‖(−∆Z)s(fi1gi2)‖p . ‖fi1‖p1‖gi2‖p2 . ‖(−∆Z)sf‖p1‖g‖p2 + ‖(−∆Z)sg‖p1‖f‖p2 ,
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for i1, i2 ∈ {0, 1} not both equal to 0. In summary, to finish the proof it is enough to demon-
strate that
‖(−∆Z)s(f0g0)‖p . ‖(−∆Z)sf‖p1‖g‖p2 + ‖(−∆Z)sg‖p1‖f‖p2 .
Clearly, FZ(f0)(x) = η0(| sinπx|)FZ(f)(x) and FZ(g)(y) = η0(| sin πy|)FZ(g0)(y). Hence,
denoting I = [0, 1/2) and using Lemma 3.4 together with (3.3) we now write
(−∆Z)s(f0g0)(n)
= 22s
∫
T
∫
T
[| sin πξ1 cos πξ2 + sinπξ1 cos πξ2|2sη0(| sinπξ1|)η0(| sinπξ2|)]
× e2πi(ξ1+ξ2)nFZ(f)(ξ1)FZ(g)(ξ2) dξ
= 22s
∑
ǫ∈{−1,1}2
∫
ǫ1I
∫
ǫ2I
| sinπξ1
√
1− sin2 πξ2 + sinπξ2
√
1− sin2 πξ1|2sη0(| sin πξ1|)η0(| sin πξ2|)
× e2πi(ξ1+ξ2)nFZ(f)(ξ1)FZ(g)(ξ2) dξ :=
∑
ǫ∈{−1,1}2
Tǫ(f, g)(n), n ∈ Z.
Thus, in order to finish the proof it is enough to show that, for ǫ ∈ {−1, 1}2 it holds
(3.8) ‖Tǫ(f, g)‖p . ‖(−∆Z)sf‖p1‖g‖p2 + ‖(−∆Z)sg‖p2‖f‖p1 .
It is enough to justify (3.8) only for T1,1 and T1,−1 as the proofs for T−1,1 and T−1,−1 are
symmetric. In what follows we let φ be a function in C∞([0,∞)) supported in [0, 1/4] and
such that φ(t) + φ(t−1) = 1. Note that then φ(λ2/λ1) satisfies Hörmander’s condition (2.2) of
arbitrary order.
Let (η⊗0 )(λ) = η0(λ1)η0(λ2), λ ∈ [0,∞)2. To justify (3.8) for T1,1 we set
ms1,1(λ) =
|λ1(1− λ22/4)1/2 + λ2(1− λ21/4)1/2|2s
λ2s1
φ(λ2/λ1)(η
⊗
0 )(λ),
m˜s1,1(λ) =
|λ1(1− λ22/4)1/2 + λ2(1− λ21/4)1/2|2s
λ2s2
φ(λ1/λ2)(η
⊗
0 )(λ).
Then, using (3.1) (in the case d = 1) we rewrite T1,1 as
T1,1(f, g) = Bms1,1(H(−∆Z)sf,Hg) +Bm˜s1,1(Hf,H(−∆Z)sg).
In view of Lemma 3.3, to demonstrate (3.8) it suffices to show that
‖Bms
1,1
(f, g)‖p + ‖Bm˜s
1,1
(f, g)‖p ≤ C‖f‖p1‖g‖p2 .
This, however, follows directly from Theorem 3.1, since, for each s > 0, the multipliers ms1,1,
and m˜s1,1, satisfy Hörmander’s condition (2.2) of arbitrary order.
Finally, we prove (3.8) for T1,−1. For Re(z) ≥ 0 we set
mz1,−1(λ) =
|λ1(1− λ22/4)1/2 − λ2(1− λ21/4)1/2|2z
λ2z1
φ(λ2/λ1)(η
⊗
0 )(λ),
m˜z1,−1(λ) =
|λ1(1− λ22/4)1/2 − λ2(1− λ21/4)1/2|2z
λ2z2
φ(λ1/λ2)(η
⊗
0 )(λ).
Then using (3.1) (in the case d = 1) we rewrite T1,−1 as
T1,−1(f, g) = Bms
1,−1
(H(−∆Z)sf, (I −H)g) +Bm˜s
1,−1
(Hf, (I −H)(−∆Z)sg).
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Note that A is preserved by (−∆Z)s. Thus, by Lemma 3.3, to demonstrate (3.8) it is enough
to prove, for f, g ∈ A, the bounds
‖Bms
1,−1
(Hf, (I −H)g)‖p ≤ C‖Hf‖p1‖(I −H)g‖p2 ,
‖Bm˜s
1,−1
(Hf, (I −H)g)‖p ≤ C‖Hf‖p1‖(I −H)g‖p2 .
(3.9)
We focus only on the first estimate, the reasoning for the second being analogous. We are
going to apply Stein’s complex interpolation theorem [22] for each fixed f ∈ A. The argument
used here takes ideas from the proof of [16, Theorem 1.4]. For further reference we note that
the formula
Bmz
1,−1
(Hf, (I −H)g)(n) =
∫ 1/2
0
∫ 0
−1/2
φ
( | sin πξ2|
| sin πξ1|
)
η0(| sinπξ1|)η0(| sinπξ2|)
× | sinπξ1
√
1− sin2 πξ2 − sinπξ2
√
1− sin2 πξ1|2z
| sinπξ1|2z e
2πi(ξ1+ξ2)n FZ(f)(ξ1)FZ(g)(ξ2) dξ;
(3.10)
makes sense not only for f, g ∈ A but more generally, for f, g ∈ ℓ2.
Let n be an even integer larger than 8. Then the multipliers mn+iv1,−1 , v ∈ R, satisfy the
Mikhlin-Hörmander condition (2.2) of order 8. Thus, Theorem 3.1 (with d = 1) gives
‖Bmn+iv
1,−1
(Hf, (I −H)g)‖p ≤ C(1 + |v|)8‖Hf‖p1‖(I −H)g‖p2 , v ∈ R.
Now, Lemma 3.4 applied to ϕ(λ) = φ(λ2/λ1)η
⊗
0 (λ), λ ∈ (0,∞)2, implies
Bmiv
1,−1
(Hf, (I −H)g) = (−∆Z)iv
[
Bφ(λ2/λ1)η⊗0
(H(−∆Z)−ivf, (I −H)g)
]
.
By [1, Theorem 1.1] we have ‖(−∆Z)iv‖ℓq→ℓq ≤ Cq(1 + |v|)4, 1 < q <∞. Hence, Theorem 3.1
applied to the multiplier φ(λ1/λ2)η
⊗
0 produces
‖Bmiv
1,−1
(Hf, (I −H)g)‖p ≤ C(1 + |v|)8‖Hf‖p1‖(I −H)g‖p2 , v ∈ R.
By (3.10), for fixed f ∈ A, the family {Bmz
1,−1
(Hf, (I − H)g)}Re(z)>0 consists of analytic
operators. This family has admissible growth, more precisely, for each finitely supported g, h
we have ∣∣〈Bmz
1,−1
(Hf, (I −H)g), h〉l2(Z)
∣∣ ≤ Cf,g,h, |Re(z)| ≤ s.
Consequently, an application of Stein’s complex interpolation theorem is permitted and leads
to the first inequality in (3.9). The proof of the corollary is thus finished. 
4. Bilinear radial multipliers for the generic Dunkl transform
Here we apply Theorem 2.3 for bilinear multiplier operators associated with the generic
Dunkl transform. In the case when the underlying group of reflections is isomorphic to Z2 we
also prove a fractional Leibniz rule.
Let R be a root system in Rd and G the associated reflection group (see [19, Chapter 2]).
Let σα(x) denote the reflection of x in the hyper-plane orthogonal to α ∈ Rd and let κ be a
nonnegative, G invariant function on R. The differential-difference (rational) Dunkl operators,
are defined as
δjf(x) = ∂jf(x) +
∑
α∈R+
αjκ(α)
f(x) − f(σα(x))
〈α, x〉 , j = 1, . . . , d.
16 BŁAŻEJ WRÓBEL
Here f is a Schwartz function, R+ is a fixed positive subsystem of R and 〈x, y〉 =
∑d
j=1 xjyj
is the standard inner product. The fundamental property of the operators δj is that, similarly
to the usual partial derivatives (which appear when we take κ ≡ 0), they commute, i.e.
δlδj = δjδl, l, j = 1, . . . , d. The operators δj are also symmetric on L
2 = L2(Rd, w(x)dx), with
w(x) = wκ(x) :=
∏d
i=1 |〈α, x〉|2κ(α) . Moreover they leave S(Rd) invariant. Additionally the
Leibniz rule
(4.1) δj(f1f2)(x) = δj(f1)(x)f2(x) + δj(f1)(x)f2(x), x ∈ Rd,
holds under the extra assumption that one of the functions f1, f2 is invariant under G.
The easiest case of Dunkl operators arrises when G ∼ Zd2. In other words G consists of
reflections through the coordinate axes. In this case
δjf(x) = ∂jf(x) + κj
f(x)− f(σj(x))
xj
, j = 1, . . . , d,
where κj ≥ 0, while σj(x) denotes the reflection of x in the hyperplane orthogonal to the j-th
coordinate vector. In this case the weight wκ(x) takes the product form wκ(x) =
∏d
j=1wκj(xj),
x ∈ Rd.
In the (general) Dunkl setting there is an analogue of the Fourier transform, called the Dunkl
transform. It is defined by
Df(ξ) = cκ
∫
Rd
E(−iξ, x)f(x)wκ(x) dx
where E(z, w) = Eκ(z, w) = Eκ(w, z) is the so called Dunkl kernel. A defining property of
this kernel is the equation
(4.2) δj,x(Eκ(iξ, x)) = iξjEκ(iξ, x), x ∈ Rd.
The operatorD has properties similar to the Fourier transform. Namely, we have the Plancherel
formula
(4.3)
∫
Rd
f(x)g(x)w(x) dx = cκ
∫
Rd
D(f)(ξ)D(h)(ξ)w(ξ) dξ,
and the inversion formula,
(4.4) f(x) = D2f(−x) = c
∫
Rd
D(f)(ξ)E(iξ, x)w(ξ) dξ, f ∈ S(Rd).
Additionally, the Dunkl transform diagonalizes simultaneously the Dunkl operators δi, i.e.
(4.5) δjDf = −D(ixjf), Dδjf = iξjD.
The Dunkl Laplacian is given by ∆κ =
∑d
i=1 δ
2
i . Using the identity
D(∆κf)(ξ) = −|ξ|2D(f)(ξ), ξ ∈ Rd,
the operator −∆κ may be formally defined as a non-negative self-adjoint operator on L2(Rd, w).
The same is true for L := (−∆κ)1/2. Then, for a bounded function µ the spectral multiplier
µ(L) is uniquely determined on S(Rd) by
(4.6) D(µ(L)f)(ξ) = µ(|ξ|)D(f)(ξ) ξ ∈ Rd.
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Consider now L1 := L ⊗ I and L2 = I ⊗ L. Analogously to the case of bilinear Fourier
multipliers the formula (2.6) can given by the Dunkl transform. Namely, for a bounded function
m : [0,∞)2 → C we have
Bm(f1, f2)(x)
=
∫
Rd
∫
Rd
m(|ξ1|, |ξ2|)D(f)(ξ1)D(g)(ξ2)E(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ1dξ2.
(4.7)
The above formula is valid pointwise e.g. for Schwartz functions f1 and f2 on R
d. We observe
that in this section the space A2 from (2.5) is
(4.8) A2 = {g ∈ L2(Rd, wκ) : there is ε > 0 such that D(g)(ξ) = 0 for |ξ| 6∈ [ε, ε−1]}.
Thus, by (4.5) the Dunkl derivatives δj , j = 1, . . . , d, preserve A2.
In this section we will heavily rely on the concepts of Dunkl translation and Dunkl convo-
lution. For x, y ∈ Rd The Dunkl translation is defined by
τyf(x) = cκ
∫
Rd
D(f)(ξ)E(iξ, x)E(iξ, y)w(ξ) dξ.
The inversion formula (4.4) and the properties of the Dunkl kernel imply
D(τyf)(ξ) = E(−iξ, y)D(f)(ξ).
For f, g ∈ A the Dunkl convolution is
f ∗κ g(x) =
∫
Rd
f(y) τxgˇ(y)w(y) dy,
where gˇ(x) = g(−x). It is known that the Dunkl transform turns this convolution into multi-
plication, i.e.
(4.9) D(f ∗κ g)(x) = D(f)(x)D(g)(x), [D(f) ∗κ D(g)](x) = D(fg)(x), f, g ∈ A.
The first result of this section is the following Coifman-Meyer type theorem. In what follows
we set λκ = (d−1)/2+
∑
α∈R+ κ(α) and for brevity write L
p := Lp(Rd, wκ) and ‖·‖p = ‖·‖Lp .
Theorem 4.1. Assume that m satisfies the Mikhlin-Hörmander condition (2.2) of an order
s > 2λκ +6. Then the bilinear multiplier operator given by (4.7) is bounded from L
p1 ×Lp2 to
Lp, where 1/p1 + 1/p2 = 1/p, and p1, p2, p > 1. Moreover, the bound (2.7) holds.
Proof. We are going to apply Theorem 2.3. In order to do so we need to check that its as-
sumptions are satisfied for the operator L = (−∆κ)1/2. To see that L is injective on its domain
we merely note that wκ(ξ) dξ is absolutely continuous with respect to Lebesgue measure. The
contractivity condition (CT) follows from [19, Theorem 4.8] and the subordination method.
The assumption (WD) is straightforward from (4.7) and the Lebesgue dominated convergence
theorem, while (MH) was proved by Dai and Wang [8, Theorem 4.1] (with arbitrary ρ > λκ+1).
Thus we are left with verifying the property (PF), which we prove with b = 2. This will
be deduced by using the convolution structure associated with Dunkl operators. Let ϕk and
ψk, be smooth functions such that suppϕk ⊆ [0, 2k−2] and suppψk ⊆ [2k−1, 2k+1]. Let ψ˜k be
a smooth function equal 1 on [2k−5, 2k+5] and vanishing outside of [2k−7, 2k+7]. Taking the
Dunkl transform of the both sides of (PF) and using (4.6) we see that our task is equivalent
to proving the formula
D(ϕk(L)(f1)ψk(L)(f2)) = ψ˜k(|ξ|)D(ϕk(L)(f1)ψk(L)(f2)), ξ ∈ Rd.
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Denote gj = D(fj), j = 1, 2. By (4.9) and (4.6) the equation above is exactly
[(ϕk(| · |)g1) ∗κ (ψk(| · |)g2)](ξ) = ψ˜k(|ξ|)[(ϕk(| · |)g1) ∗κ (ψk(| · |)g2)](ξ), ξ ∈ Rd.
By definition of ψ˜ to prove the last formula it is enough to show that
(4.10) supp[h1 ∗κ h2] ⊆ [2k−5, 2k+5],
for any functions h1 supported in B(0, 2
k−2) and h2 supported in B(0, 2
k+1)\B(0, 2k−1). Take
|ξ| 6∈ [2k−5, 2k+5] and y ∈ B(0, 2k−2). We claim that τ ξhˇ2(y) = 0. This implies (4.10).
Till the end of the proof we thus focus on proving the claim. Let γξ,y be the distribution
given by γξ,y(f) = (τ
ξf)(y), f ∈ S(Rd). In [2, Theorem 5.1] Amri, Anker, and Sifi proved that
γξ,y is supported in the spherical shell
Sξ,y :=
{
z ∈ Rd : ||ξ| − |y|| ≤ |z| ≤ |ξ|+ |y|}.
Therefore, if we prove that supph2 ∩ Sξ,y = ∅, then τ ξh2(y) = 0. Recall that we have |ξ| 6∈
[2k−5, 2k+5] and y ∈ B(0, 2k−2). Take z ∈ Sξ,y and consider two possibilities, either |ξ| < 2k−5
or |ξ| > 2k+5. In the first case we obtain |z| ≤ 2k−5 + 2k−2 < 2k−1, while in the second
|z| ≥ |ξ| − |y| ≥ 2k+5 − 2k−2 > 2k+1. Thus, in both the cases z 6∈ supph2, and the proof of
(PF) is completed.

Theorem 4.1 is quite far from a general bilinear Dunkl multiplier theorem, i.e. when the
multiplier function m is not necessarily radial in each of its variables. However, in the case
d = 1 (and G ∼ Z2), Theorem 4.1 implies [3, Theorem 4.1] by Amri, Gasmi, and Sifi. We
slightly abuse the notation and, for ϕ : R2 → C, f1, f2 ∈ A, and x ∈ R, define
(4.11) Bϕ(f1, f2)(x) =
∫
R
∫
R
ϕ(ξ)D(f1)(ξ1)D(f2)(ξ2)E(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2) dξ.
This will cause no confusion with (4.7), as till the end of the present section we only use Bϕ
given by (4.11).
Corollary 4.2 (Theorem 4.1 of [3]). Let G ∼ Z2. Assume that ϕ : R2 → C satisfies the
Mikhlin-Hörmander condition on R2 of an order s > 2λκ + 6, namely
(4.12) ‖ϕ‖MH(R2,s) := sup
|α|≤s
sup
ξ∈R2
|ξ||α||∂αϕ(ξ1, ξ2)| <∞.
Then the bilinear multiplier operator given by (4.11) is bounded from Lp1 × Lp2 to Lp, where
1/p1 + 1/p2 = 1/p, and p1, p2, p > 1.
Remark. When κ = 0 we recover the Coifman-Meyer multiplier theorem in the Fourier trans-
form setting.
Proof of Corollary 4.2 (sketch). Let Π(f)(x) = D−1(χξ>0)D(f)(ξ))(x) be the projection onto
the positive Dunkl frequencies. The corollary can be deduced from the boundedness of Π on
all Lp spaces 1 < p <∞. 
For Re z ≥ 0, let (−∆κ)z be the complex Dunkl derivative
D[(−∆κ)z(h)](ξ) = |ξ|2zD(h)(ξ), ξ ∈ Rd.
The natural L2 domain of this operator is
DomL2((−∆κ)z) = {h ∈ L2 : |ξ|2Re zD(h)(ξ) ∈ L2}.
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By Plancherel’s formula for the Dunkl transform (−∆κ)z(h) ∈ L2 for h ∈ A. The second main
result of this section is the following fractional Leibniz rule for (−∆κ)s, in the case G ∼ Zd2.
Corollary 4.3. Let G ∼ Zd2 and take 1/p = 1/p1 + 1/p2, with p, p1, p2 > 1. Then, for any
s > 0, we have
‖(−∆κ)s(fg)‖p . ‖(−∆κ)s(f)‖p1‖g‖p2 + ‖f‖p1‖(−∆κ)s(g)‖p2 ,
where f, g ∈ A and at least one of the functions f or g is invariant by G.
Before proving the fractional Leibniz rule we need a lemma which is an analogue of Lemma
3.4. Its proof is similar, however a bit more technical. Therefore we give more details.
Lemma 4.4. Take d = 1 and let G ∼ Z2. Assume that at least one of the functions f, g ∈ A
is G-invariant. Take Re(z) ≥ 0 and let ϕ : R2 → C be a bounded function that satisfies the
Mikhlin-Hörmander condition (4.11) of order s > 2λκ + 6. Then
(−∆κ)z(Bϕ(f, g))(x) =
∫∫
R2
ϕ(ξ)|ξ1+ξ2|2z D(f)(ξ1)D(g)(ξ2)E(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ,
for almost all x ∈ Rd.
Remark. It is not obvious why Bϕ(f, g) ∈ DomL2((−∆κ)z). This is explained in the proof of
the lemma.
Proof. Since the argument is symmetric in f and g we assume that f is G-invariant. Denote
EG(iξ1, x) = |G|−1
∑
g∈GE(iξ1, gx), and observe that EG is G-invariant in x. Then, since both
f and D(f) are G-invariant our task reduces to proving that
(4.13)
(−∆κ)z(Bϕ(f, g))(x) =
∫
R
∫
R
ϕ(ξ)|ξ1+ξ2|2z D(f)(ξ1)D(g)(ξ2)EG(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ,
for almost all x ∈ Rd.
For z = n ∈ N this formula is a direct computation, and follows from the Leibniz rule.
Indeed, by (4.1) and (4.2) we have
δ(Bϕ(f, g))(x) =
∫∫
R2
ϕ(ξ)D(f)(ξ1)D(g)(ξ2) δx[EG(iξ1, x)E(iξ2, x)]w(ξ1)w(ξ2)dξ
=
∫∫
R2
ϕ(ξ)D(f)(ξ1)D(g)(ξ2) i(ξ1 + ξ2)EG(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ,
the interchange of differentiation and integration being allowed since f, g ∈ A. Iterating the
above equality 2n times we obtain (4.13) for z = n.
We remark that (4.13) for z ∈ N also explains why does (−∆κ)z(Bϕ(f, g)) make sense
for general Re(z) ≥ 0. Indeed, let n be an integer larger than Re(z). Then, to prove that
Bϕ(f, g) ∈ DomL2((−∆κ)z) it is enough to show that Bϕ(f, g) ∈ DomL2((−∆κ)n). Now, using
(4.13) for z = n, together with the binomial formula and (4.5), we arrive at
(−∆κ)n(Bϕ(f, g))(x)
=
2n∑
j=0
(
2n
j
)∫
R
∫
R
ϕ(ξ)D(δjf)(ξ1)D(δ2n−jg)(ξ2)EG(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ,
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with δ being the Dunkl operator on R. Since f, g belong to A2 the same is true for δjf and
δ2n−jg. Thus, an application of Corollary 4.2 proves that Bϕ(f, g) ∈ DomL2((−∆κ)n), as
desired.
We come back to demonstrating (4.13) for general Re(z) ≥ 0. Note first that by a continuity
argument it suffices to consider Re(z) > 0. Denoting
Tz(f, g)(x) =
∫∫
R2
ϕ(ξ)|ξ1 + ξ2|2z D(f)(ξ1)D(g)(ξ1)E(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ.
our task is reduced to proving that
(4.14) 〈(−∆κ)z(Bϕ(f, g)), h〉L2 = 〈Tz(f, g), h〉L2 ,
for h ∈ A2∩S(R) (recall that A2 is given by (4.8)). This is enough because A2∩S(R) is dense
in L2. From (4.13) for z ∈ N we deduce that for any polynomial P it holds
P (−∆κ)(Bϕ(f, g))(x)
=
∫∫
R2
ϕ(ξ)P (|ξ1 + ξ2|2)D(f)(ξ1)D(g)(ξ2)EG(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ.
(4.15)
For brevity we denote by TP (f, g)(x) the right hand side of (4.15). Note that D(f), D(g), and
D(h) are supported in [−N,N ] for some large N. Let {Pr(t)}r∈N, be a sequence of polynomials
that converges uniformly to tz on [0, 4N2]. Then, (4.3), (4.5), and (4.15) imply∫
R
Pr(|ζ|2)D(Bϕ(f, g))(ζ)D(h¯)(ζ)w(ζ) dζ = 〈Pr(−∆κ)(Bϕ(f, g)), h〉L2
= 〈TPr(f, g), h〉L2 .
(4.16)
Now, since suppD(h¯) ⊆ [−N,N ] and D(Bϕ(f, g))D(h¯) ∈ L1, the dominated convergence
theorem shows that the left hand side of (4.16) converges to 〈(−∆κ)z(Bϕ(f, g)), h〉L2 as r →
∞. Similarly, since D(f) and D(g) are supported in [−N,N ] the expression TPr(f, g)(x) is
uniformly bounded in r ∈ N and x ∈ R and converges to Tz(f, g)(x) as r →∞. As h ∈ S(R) the
dominated convergence theorem implies limr→∞〈TPr(f, g), h〉L2 = 〈Tz(f, g), h〉L2 . Therefore,
(4.14) is justified and hence, also (4.13). This completes the proof of Lemma 4.4. 
We now pass to the proof of Corollary 4.3.
Proof. By repeating the argument from the beginning of the proof of Corollary 3.2 (with sums
replaced by integrals) our task is reduced to d = 1. We devote the present paragraph to a brief
justification of this statement Here we need the fact that for s ≥ 0 and Lj = −δ2j , the operators
(Lj)
s(−∆κ)−s as well as (−∆κ)s(
∑d
j=1(Lj)
s)−1, are bounded on all Lp, 1 < p < ∞. This is
true by e.g. [24, Corollary 3.2], since in the product setting each Lj , j = 1, . . . , d, generates a
symmetric contraction semigroup. Then we are left with showing that
(4.17) ‖Lsj(fg)‖p . ‖Lsjf‖p1‖g‖p2 + ‖Lsjg‖p1‖f‖p2
cf. (3.7). The proof of (4.17) is similar to that of (3.7), thus we give a sketch when j = 1. For
t ∈ R and x ∈ Rd−1, consider the auxiliary functions fx(t) = f((t, x)) and gx(t) = g((t, x)).
Then, setting w
(1)
κ (x) =
∏d
i=2wκi(x), we write
‖Ls1(fg)‖p =
∫
Rd−1
‖Ls1(fx(·)gx(·))‖pLp(R,wκ1 )w
(1)
κ (x) dx.
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From this point on we repeat the steps in the proof of (3.7). Namely, we apply the fractional
Leibniz rule for d = 1 and Hölder’s inequality (for integrals). We omit the details here. From
now on we focus on proving Corollary 4.3 for d = 1.
Let φ be a function in C∞([0,∞)) supported in [0, 1/4] and such that φ(t) + φ(t−1) = 1.
Setting
T1(f, g)(x) =
∫∫
R2
φ(|ξ2|/|ξ1|)|ξ1 + ξ2|2sD(f)(ξ1)D(g)(ξ2)E(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ,
T2(f, g)(x) =
∫∫
R2
φ(|ξ1|/|ξ2|)|ξ1 + ξ2|2sD(f)(ξ1)D(g)(ξ2)E(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ.
and using Lemma 4.4 with ϕ ≡ 1 we rewrite
(−∆κ)s(fg) = T1(f, g) + T2(f, g).
From now on the proof resembles that of Corollary 3.2 (in fact it is even easier). We need to
prove, for f, g ∈ A, the estimate
‖T1(f, g)‖p ≤ C‖(−∆κ)sf‖p1‖g‖p2 , ‖T2(f, g)‖p ≤ C‖f‖p1‖(−∆κ)sg‖p2 .
We focus only on the first inequality, as the proof of the second is analogous. For Re(z) ≥ 0
we set
mz(ξ1, ξ2) =
|ξ1 + ξ2|2z
|ξ1|2z φ(|ξ2|/|ξ1|), ξ ∈ R
2,
so that T1(f, g) = Bms((−∆κ)sf, g). Since A is preserved under (−∆κ)s our task is reduced to
showing that, for s > 0 it holds
(4.18) ‖Bms(f, g)‖p ≤ C‖f‖p1‖g‖p2 , f, g ∈ A
As in Section 3 we are going to apply Stein’s complex interpolation theorem. To do this we
need to extend Bmz(f, g) outside of A×A, by allowing g to be a simple function. This may
be achieved by a limiting process. Namely, instead of mz we consider mzε = m
ze−ε|ξ|
2
. Then,
Bmsε(f, g)(x)
:=
∫
Rd
∫
Rd
e−ε|ξ|
2
φ(|ξ2|/|ξ1|) |ξ1 + ξ2|
2z
|ξ1|2z D(f)(ξ1)D(g)(ξ2)E(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ
(4.19)
converges pointwise to Bms(f, g) as ε→ 0+, whenever f, g ∈ A. Therefore, by Fatou’s Lemma,
to prove (4.18) for Bms it is enough to prove it for each Bmsε , ε > 0, as long as
‖Bmsε(f, g)‖p ≤ C‖f‖p1‖g‖p2 ,
where C is independent of ε. The gain is that now (4.19) is well defined for g ∈ L2, in particular
it is valid for simple functions.
Let n > 2λκ+6. Then the multipliers m
n+iv
ε , j = 1, 2, v ∈ R, satisfy Hörmander’s condition
(4.12) of order 2λκ + 6. Thus, using Corollary 4.2 (with d = 1) we obtain
‖Bmn+ivε (f, g)‖p ≤ Cn(1 + |v|)
2λκ+2‖f1‖p1‖f2‖p2 , v ∈ R.
Now, Lemma 4.4 applied to ϕ(ξ) = φ(|ξ2|/|ξ1|)e−ε(|ξ|2) implies
Bmivε (f, g) = (−∆κ)iv
[
Bϕ((−∆κ)−ivf, g)
]
.
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Thus, using [8, Theorem 4.1] followed by Corollary 4.2 (for the multiplier φ(|ξ2|/|ξ1|)e−ε(|ξ|2))
we obtain
‖Bmiv (f, g)‖p ≤ C(1 + |v|)2λκ+2‖f1‖p1‖f2‖p2 , v ∈ R.
By definition
Bmzε (f, g)
=
∫∫
R2
|ξ1 + ξ2|z
|ξ1|z φ(|ξ2|/|ξ1|)e
−ε|ξ|2 D(f)(ξ1)D(g)(ξ2)E(iξ1, x)E(iξ2, x)w(ξ1)w(ξ2)dξ1dξ2.
Hence, for fixed f1 ∈ A the family {Bmz (f, g)}Re(z)>0 consists of analytic operators. This
family has admissible growth, more precisely, for each simple function h we have∣∣〈Bmz ((−∆κ)zf, g), h〉L2 ∣∣ ≤ Cf,g,h,s, |Re(z)| ≤ s.
Consequently, using Stein’s complex interpolation theorem is permitted and leads to (4.18).
The proof of the corollary is thus finished. 
5. Bilinear multipliers for Jacobi trigonometric polynomials
In this section we give a bilinear multiplier theorem for expansions in terms of Jacobi trigono-
metric polynomials. Contrary to the previous sections we do not prove a fractional Leibniz
rule here. The reason for this is that there is no natural first order operator in the Jacobi
setting that satisfies a Leibniz-type rule of integer order.
Let α, β > −1/2 be fixed, and let Pα,βn be the one-dimensional Jacobi polynomials of type
α, β. For n ∈ N and −1 < x < 1 these are given by the Rodrigues formula
Pα,βn (x) =
(−1)k
2nn!
(1− x)−α(1 + x)−β d
n
dxn
[
(1− x)α+k(1 + x)β+k
]
.
We now substitute x = cos θ, θ ∈ [0, π], and consider the trigonometric Jacobi polynomials
Pα,βn (cos θ). This is an orthogonal and complete system in L2(dµα,β), where
dµα,β(θ) =
(
sin
θ
2
)2α+1(
cos
θ
2
)2β+1
dθ.
Throughout this chapter we abbreviate Lp := Lp([0, π], µα,β) and ‖ · ‖p := ‖ · ‖Lp . Now, setting
Pn(θ) = Pα,βn (θ) = cα,βn Pα,βk (cos θ), where ‖Pα,βn (cos ·)‖2 = (cα,βn )−1 we obtain a complete
orthonormal system in L2. Each Pα,βn is an eigenfunction of the differential operator
J = J α,β = − d
2
dθ2
− α− β + (α+ β + 1) cos θ
sin θ
d
dθ
+
(α+ β + 1
2
)2
;
with the corresponding eigenvalue being (n+ α+β+12 )
2. In what follows we set γ = (α+β+1)/2;
observe that γ > 0.
In this setting the spectral multipliers of J 1/2 are given by
µ(J 1/2)f =
∑
n∈N
µ
(
n+ γ
) 〈f,Pk〉L2 Pk.
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If µ : R+ → C is bounded, then µ(J 1/2) is a bounded operator on L2. In this section the
formula (2.6) defining bilinear multipliers becomes
Bm(f1, f2)(θ) = m(J 1/2 ⊗ I, I ⊗ J 1/2)(x, x)
=
∑
n1∈N,n2∈N
m
(
n1 + γ, n2 + γ
)
〈f1,Pn1〉 〈f2,Pn2〉 Pn1(θ)Pn2(θ).(5.1)
The space A from (2.5) coincides with the linear span of {Pn}n∈N. We prove the following
Coifman-Meyer type multiplier theorem.
Theorem 5.1. Assume that m satisfies Hörmander’s condition (2.2) of order s > 4(α+β)+15.
Then the bilinear multiplier operator given by (5.1) is bounded from Lp1 × Lp2 to Lp, where
1/p1 + 1/p2 = 1/p, and p1, p2, p > 1. Moreover, the bound (2.7) is valid.
Remark. The theorem implies a Coifman-Meyer type multiplier result for bilinear multipliers
associated with the modified Hankel transform. This follows from a transference results of
Sato [20].
Proof. Once again the proof hinges on Theorem 2.3. We need to verify that L = J 1/2 satisfies
its assumptions. The injectivity condition is clear since 0 is not an eigenvalue of J 1/2. The
contractivity assumption (CT) can be inferred from the formula
e−tJ (f ◦ cos)(θ) = e−t(α+β+1)2/4Tα,βt f(cos θ)
relating the semigroup e−tJ with the semigroup Tα,βt from the Jacobi polynomial setting, as
Tα,βt is well known to be Markovian. The condition (WD) is straightforward, since A is the
linear span of Jacobi trigonometric polynomials. The Mikhlin-Hörmander functional calculus
(MH) for J 1/2 (with ρ = 2α + 2β + 13/2) was obtained in [26, Corollary 4.3].
It remains to show (PF). Here we need the following identity
(5.2) Pn1(θ)Pn2(θ) =
j=n1+n2∑
j=|n1−n2|
cn1,n2(j)Pj(θ).
The above is well known to hold for general orthogonal polynomials on an interval contained
in R, hence also for Pj as they are merely a reparametrisation of the Jacobi polynomials.
We prove that (PF) holds with b = 3. Take f, g ∈ A. Then
f1 =
∑
n1∈N
c1n1Pn1 , f2 =
∑
n2∈N
c2n2Pn2 ,
where all but a finite number of c1n, c
2
n vanish. Denote
Ra,b = {n ∈ N : 2a − γ ≤ n ≤ 2b − γ}.
Since ϕk and ψk are supported in [0, 2
k−3] and [2k−1, 2k+1], respectively, we have
ϕk(L)(f1) =
∑
n1∈N : n1+γ≤2k−3
c1n1 ϕk(n1 + γ)Pn1
whereas
ψk(L)(f2) =
∑
n2∈Rk−1,k+1
c2n2 ψk(n2 + γ)Pn2 .
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Now, if n1 + γ ≤ 2k−3 and 2k−1 ≤ n2 + γ ≤ 2k+1, then we must also have
|n1 − n2| ≥ 2k−1 − 2k−3 ≥ 2k−2 and n1 + n2 ≤ 2k−3 − γ + 2k+1 − γ ≤ 2k+2 − 2γ.
Since γ > 0, we see that if |n1−n2| ≤ n ≤ n1+n2, then 2k−2 ≤ n+γ ≤ 2k+2. Consequently, in
view of (5.2), the operator ψ˜k(L) leaves invariant each product Pn1 ·Pn2 , hence, also ϕk(L)(f1)·
ψk(L)(f2). The proof of (PF) is thus completed.

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